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1.

Need for Interpolation

e In many practical situations:
— we know that the value of a quantity y is uniquely
determined by the value of some other quantity =,
— but we do not know the exact form of the corre-
sponding dependence y = f(x).
e To find this dependence, we measure the values of x

and y in different situations.

e Asaresult, we get the values y; = f(z;) of the unknown
function f(z) for several values z1, ..., z,.

e Based on this information, we would like to predict the
value f(x) for all other values x.

e When x is between the smallest and the largest of the
values x;, this prediction is known as the interpolation.




2.

Why Linear Interpolation?

e Let’s consider the case n = 2. Let’s assume that f(x)
is linear on [z1, z3]; then
r — T

f(x) = - f(x2) +

Ty — T1 rp — X

T2 — X

- f(21).

e This formula is known as linear interpolation.

e The usual motivation for linear interpolation is sim-
plicity: linear functions are the easiest to compute.

e An interesting empirical fact is that in many practical
situations, linear interpolation works reasonably well.

e We know that in computational science, often very
complex computations are needed.

e So we cannot claim that nature prefers simplicity.

e There should be another reason for the empirical fact
that linear interpolation often works well.




3.

Reasonable Properties of Interpolation

e We want to be able,
— given values y; and g9 of the unknown function at
points x; and x2, and a point x € (x1, z3),
— to provide an estimate for f(z).

e Let us denote this estimate by I(z1,y1, Z2, Y2, x); what
are the reasonable properties of this function?

o If y; = f(x;) <y for both 14, it is reasonable to expect
that f(z) <uy.

e In particular, for y = max(yi,y2), we conclude that
I(xla Y1, T2, Y2, JI) < maX(?/h y2)

e Similarly, if y < y; for both 4, it is reasonable to expect
that y < f(x).

e In particular, for y = min(y;,y2), we conclude that
min<y17 y2) S I(xb Y1, T2, Yo, 213)




4.

z-Scale-Invariance

e The numerical value of a physical quantity depends:

— on the choice of the measuring unit and

— on the starting point.

e If we change the starting point to the one which is b
units smaller, then b is added to all the values.

e If we replace a measuring unit by a a > 0 times smaller
one, then all the values are multiplied by a.

e If we perform both changes, then each original value x
is replaced by the new value 2’ = a - x + b.

e For example, if we know the temperature x in C, then
the temperature 2’ in F is 2/ = 1.8 - x + 32.

e The interpolation procedure should not change if we
simply re-scale:

I(a-x1+b,y1,a-x2—|—b, y27a'$+b) - [($1,y1,x2,yz,$)-




y-Scale-Invariance

5. y-Scale-Invariance

e Similarly, we can consider different units for y.

e The interpolation result should not change if we simply
change the starting point and the measuring unit; so:

— if we replace y; with a-y; +b and ys with a-ys + 0,

— then the result of interpolation should be obtained
by a similar transformation from the previous one:

I(xlaa'yl+b7m27a°y2+b7x) :a'I(Zl,yl,Iz,y2,$)+b-




Consistency

6. Consistency
e When 77 < 2} < 2 < 2}, < x9, the value f(x) can be
estimated in two different ways.

e We can interpolate directly from the values y; = f(x1)
and yo = f(z2), getting I(z1,y1, z2, Y2, ).

e Or we can:
— first estimate the values f(z}) = I(x1, y1, 2, y2, 2])
and f(z4) = I(x1, y1, T2, Y2, 75), and
— then use these two estimates to estimate f(z) as
Iz, f(21), 22, f(25),2) =
[(xlh I<xl) Y1,T2, Yo, x,1)7 xl2) I(xh Y1,T2, Y2, 55,2), 33)

e [t is reasonable to require that these two ways lead to
the same estimate for f(x): I(z1,y1, T2, Y2, ) =

I(xlla I(‘Tl?yla T2, Y2, xll)a x/27 I(xla Y1, T2, y27x/2)7x)'




7. Continuity

Continuity

e Most physical dependencies are continuous.

e Thus, when the two value z and 2’ are close, we expect
the estimates for f(x) and f(z') to be also close.

e Thus, it is reasonable to require that:

— the interpolation function I(x1,y1, 2, Yo, ) is con-
tinuous in z, and

— that for both ¢ = 1,2, I(x1,y1, %2, Y2, T) converges
to f(x;) when x — ;.




8. Resulting Definition
A function [I(z1,y1, x9,y2,x) defined for 1 < z < w9 is
called an interpolation function if:

o min(y1,y2) < I(21, Y1, T2, Y2, ) < max(yi, y2);

o I(a-x1+b,y1,a - x2+b,y2,a-x+b) = I(x1,y1, 72, Y2, 7)
for all x;, y;, , a > 0, and b (z-scale-invariance);

o [(z1,a-y1+b,12,a-ya+b,2) = a-I(x1,y1, T2, Y2, ) +b
for all x;, y;, , a > 0, and b (y-scale invariance);

e consistency: I(x1,y1, T2, Y2, ) =
I(:Blla I(‘Tla Y1, 12, Y2, xll)a x/27 I(xla Y1, 12, Y2, xl2)7 ZL'),
e continuity:

— the expression [I(z1,y1,x9,y2,x) is a continuous
function of z,

_I(xlaylax%y%x) — y; when r — x; and
I($1,y1,$2,y2,m) — 1o When x — x,.

Resulting Definition




9.

Main Result

e Result: The only interpolation function satisfying all
the properties 1s the linear interpolation

r — T T9 — X

I(xlaylax%y%x) - "Y1

231
Lo — T1 Lo — 1

e Thus, we have indeed explained that linear interpola-
tion follows from the fundamental principles.

e This may explain its practical efficiency.

Main Result




10. Proof

e When y; = yo, the conservativeness property implies
that I(xla Y1, T2, Y1, ZIZ') = Y-

e Thus, to complete the proof, it is sufficient to consider
two remaining cases: when y; < y9 and when y, < ;.

e We will consider the case when y; < ys.
e The case when ys < y; is considered similarly.

e So, in the following text, without losing generality, we
assume that y; < .




11. using y-Scale-Invariance

e When y; < 4o, then y; =a-0+band yo =a-1+0 for
a =y — 1 and yi.

e Thus, the y-scale-invariance implies that

using y-Scale-Invariance

1(513173/1,902,%55) = (y2 — yl) - I(21,0, 29, l,x) + Y1

e If we denote J(x1,xs, ) dof I(x1,0,29,1, ), then we
get

I(z1,y2, T2, Y2, %) = (y2 — 1) - J(21, 29, ) + 11 =

J(J"l?x% 517) “Y2 + (1 - J(xhx% :B)) "Y1




12. Using x-Scale-Invariance

e Since x1 < 19, we have r1 = a-0+band x9o = a-1+0b,
for a = x9 — x1 and b = z;.
r—b r—x

e Here, x =a-r+ b, where r = = :
a To2 — T

e Thus, the z-scale invariance implies that J(x1, 29, x) =

w (x — >, where w(r) o J(0,1,r).

Lo — X7

e Thus, the above expression for I(z1,y1, 22,92, 2) in
terms of J(x1, z9, x) takes the following simplified form:

xr — I r— I
w Yy + (1 —w ‘Yo | - Y1-
To — I1 Ty — 1

e To complete our proof, we need to show that w(r) =r
for all r € (0,1).

Using x-Scale-Invariance




13. Using Consistency

e Let us take xr1 = y; = 0 and 29 = y» = 1, then
1(0,0,1,1,2) =w(z) - 1+ (1 —w(z)) - 0 = w(x).
04+ 0.5

e For v = 0.25 = , the value w(0.25) can be ob-

tained by interpolating w(0) = 0 and « dlef w(0.5):
w(025) = - w(05) + (1 _ O{) . w(O) — 042. Using Consistency

) 1
oForx:0.75:05+

, we similarly get:
w(0.75) = a-w(1)+(1—a)-w(0.5) = a-1+(1—a)-a = 2a—a?.
e w(0.5) can be interpolated from w(0.25) and w(0.75):
w(0.5) = a - w(0.75) + (1 — a) - w(0.25) =
a2 —a*) + (1 —a)-a® =3a* —2a°.

e By consistency, this estimate should be equal to our
original estimate w(0.5) = a: 3a® — 20° = a.




14. What Is «

e Here, a = w(0.5) =0, a =1, or « = 0.5.
e If a =0, then, w(0.75) = a-w(1)+ (1 —a)-w(0.5) = 0.
e By induction, we can show that Vn (w(l —27") = 0)

for each n.
e Here, 1 — 27" — 1, but w(1 —27") — 0, which contra-
dicts to continuity w(l —27") = w(1) = 1. What Is o

e Thus, a = 0 is impossible.
e When oo = w(0.5) = 1, then

w(0.25) = - w(0.5) + (1 — o) - w(0) = 1.
e By induction, w(27") =1 for each n.

e In this case, 27" — 0, but w(27") — 1, which contra-
dicts to continuity w(27") — w(0) = 0.

e Thus, a =0.5.




15. Proof: Final Part

e For a = 0.5: w(0) =0, w(0.5) = 0.5, w(l) = 1.

e Let us prove, by induction over ¢, that for every binary-

rational number r = % € [0,1], we have w(r) = r.

e Indeed, the base case ¢ = 1 is proven.

e Let us assume that we have proven it for ¢ — 1.

2k k
o If p is even p = 2k, then %0 = 510 5O the desired Proof: Final Part
equality comes from the induction assumption.
p  2k+1

oprsz—l—l,thenr:ﬁ—

24
2k 2. (k+1) k k41

0.5 57 +05- =0 = 0.5 g + 0.5 o

k kE+1
oSow(r):O.E)-’w(F)+O.5-w(2q_1>.




16. Proof: Final Part (cont-d)

e By induction assumption, we have

kN k q E+1Y\  k+1
Wi ) =g andwl| oy ) =5

k E+1 2k+1
e Thus, w(r) = a- Se1 T 0.5 - 5T = or =
e The equality w(r) = r is hence true for all binary-

rational numbers.

T.

e Any real number x from the interval [0, 1] is a limit of
such numbers — truncates of its binary expansion.

e Thus, by continuity, we have w(z) = x for all .

e Substituting w(z) = x into the above formula for
I(x1,y1, T2, Y2, x) leads to linear interpolation. Q.E.D.

Proof: Final Part (cont-d)

o
T
K N
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