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Basic assumptions

A finite support random set on U is a pair (£,m) where Z is a finite
family of distinct non-empty subsets of U and m is a mapping
Z—[0,4] such that 3 _m(A)=1.

E is called the support of the random set and m a basic probability
assignment. Each set A<= contains the possible values of variable x,
and m(A) can be viewed as the probability that A is the actual range of

X.

Given a random set (Z,m), a belief function Bel can be defined as the
following set function

VAcU, Bel(A)=) {m(B):BcABeE| (1)
plausibility function defined by
VAcU, PI(A)=> im(B):BNA=J,BeZ| 2)

It can be shown that
PI(A)=1-Bel(A) 3)

When = contain only singletons the Bel=PI is a probability measure
(with finite support).

When = iIs a nested family A, ¢ Ay = ...c A, then Bel and Pl satisfy
the decomposability properties:

Bel(An B)=min{Bel(A),Bel(B)} (4)
PI(AuB)=max{PI(A),PI(B)} (5)



Relations between random
and fuzzy sets

(Em) = e

Fuzzy set F can be defined from any random set (Z,m) as follows:

pe (u)= D> m(A)=PI({u}) (6)
up = (Em) (7)

Let assume that membership the function pp is given.
M(F)=1oy,..a, | be the set of membership values such that

oy >..>ap. Flo)=1{u:pg(u)=af be a-level-cut.
Then pg is equivalent to the unique consonant random set (Z,m)
defined by:

E={F(aj):i=1...p}, m(F(a))= o — 0ty (8)
with a1 =0 by convention.
Upper and lower probability
It can be shown that:
Bel(A)<P(A)<PI(A) forall AcX (9)

This equation provides for the definition of two upper and lower
distribution function:

F.(x)=Bel([-,x]), F (x)=PI(-o,x]) (10)



Probability distribution function satisfies the relation:

F(x)<F(x)<F (x)

If we know fuzzy set membership function we can write:

F(x)=inf1-pp(0): 0> x|
F"(x)= supfue (0): 0 < x}

Probability of failure

P; =1-R=1-P{g(x)>0}=P{g(x)< 0}
g(x) — performance function g : R™ — R.

If we know PDF of random variable g we can write:

_pig<0j=Plg<(-=0)}= [ 1, 0o

—00

P; =Bel((—x0))< P; <PIl((-©0))=P{

Let in the space R™ is given a random set (Z,m) then:

P = m(A): 0(A )= (-20). A <]

Pe" =2 m(A):(-00)ng(A)=D. A <&}

These formulas can be used in the Monte Carlo simulations.
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Estimation of upper probability of failure based on
the fuzzy arithmetic

We assume that A  R™ i.e. A = Al x..xA™.

m(A )= m(ﬁﬁ1 X .o X A{“)s min{ml(Al) ..... M, (Aim )} (19)

where m; are basic probability assignments in the appropriate
subspaces.

When = is a nested family A c Ay = ...c A, then

P => Im(A): (~00)ng(A)= D, A eE}=
:Z{ (Ai X..x A" ) (—00)Ng(A)=D, A EE}S
Z{mm{ml( ) ..... ( )} (—00)ng(A)= D, A < :}—
{m{Zml( ) ..... ( )}( ©00)Ng(A)=D, A €E }

—m-n{u(xl) ..... (%)t =Xy e X (20)

P{ =1-R™ =sup{u(x): g(x)< 0} (21)

Extension principle

Let in the space R® is given a random set (2,m), function
f :R? >R and Z is a nested family A c A, = ...c Ay, then:

where



u(x,y)=> m(A):(x,y)e A, A €E} (24)

but
VAEE A=A xA (25)
m(A)= m(AiX X Aiy)s min{mx (Aix ),my( Y )} (26)
we define
i ()= 3, (A¥): x e A (27)
wy (V)= (A ): ye &Y (28)

If we assume the worst case:

u(z) = supiminiuy (x).uy (y)f:2 = £(x,y)] (29)

Evaluation of fuzzy constants form uncertain
experimental data

Let mechanical system is described by the following equation:
y =f(x a) (30)

where f:RPxR™ 5RY and ac<R™ is a vector of unknown
constants.

From experiments we can obtain the following pairs of uncertain data:

(X1.Y1)s oo s (Xn,Yn) (31)

where all X;,y; are fuzzy numbers. We introduce the following
notation



(XX ) =%, (Y1 ¥ )=V (32)
Let (X, Xy ) =X e€X,,, (Y1, Yn) =Y €Y, Where X,y are o-level-

cuts of uncertain data.
Using last squares method we can obtain constants a;

a; =a;(X,y) (33)

Extreme value of constant can be calculated form the following
formulas:

8, =inf{a;(X,y): X Xy, Y €Y, (34)
8, = SUP{a;(X,¥): X € Xy, Y €Y, ) (35)
Using a-level-cuts we can define fuzzy numbers A :
_ { : l — 4 Jl
b (85)=supp: @ € aj &g | (36)
Remarks
1. Random set
_ _ _ _ n
=i = {I_aiocl ’afocl J’ [aiaz 'aitxz J""’ |_ai0cq 'aitxq JJ (37)
m; ([ai&j ,aiij J)= OLjj — Olij—1 (38)
Qo = 0 (39)

can be used in Monte-Carlo simulation.



Modelling of
linear elastic material

Let us assume that ¢q,...,g,, are strain and c,,...,G,, are stress given

from experiments and we are looking for Young module E which
satisfy the following relation:

c=E-¢ (40)
y = ax (41)
where
y.=0, X:=g¢, a=E (42)
n
J=>(y; =min (43)

i=1
Calculation of fuzzy material constants

[ ] =hulla(xy .. Xq YooV ) %5 € X by €lyia ;- (44)

Algorithm of calculation:

oa,,

If —= ~ % >0 then a, _a( o Xig r ) a, :a(...,xifx,...) (45)
|

If %LX?<O then a, _a( W Xt ) a, :a( ,xi;,...) (46)

If ay >0 then a; =al...yie.), af =al..yih,)  (@7)
|

If aT<O then a, _a( .+ Yieo ) a, :a(...,yi;, ) (48)
|

Fuzzy number a we can calculate as follows:

u@a|a)=suplo:aca,]; (49)



Fuzzy experimental data
o2 |=lo5.0%] i=1..n, j=1..m (50)

n — number of stress which was measured
m; - number of repetition in measurement of the stress o;

uoi)=" D pj  J=l...m, (51)

oj E[Gﬁ ,Ga-_]

Pij =M ([Gij ]): mi

m
(> py =1 fori=1,...,n) (52)
-1

(Z;,m; ) - random sets which contain experimental data
We assume that

ﬁ[@ﬁx]=® i=1,...,n (53)

Using fuzzy set (51) we can obtain equivalent random sets (éi ,mi)
which is consonant. It can be shown that:

PI(A)=Y {m(B): BN A=D,BeE}=> {M(B): BN A%D,BeZ|(54)

and
ue(U)= Y m(A)= Y m(A)=Pi({u) (55)

Pr =>"Im(A):(-00)ng(A)=D,A eE}= (56)
=S {m(A): (-20)ng(A) =D, A &} (57)



Numerical example

P

NONMVNNNNN

< >
Performance function

PL?
=Unax —U=Unax — === 58
g max max 3E.J ( )

where U, =u(L)=0.01m , P=1kN , E=EMPa , L=1m ,

b-h3
J:?,b:0.0Zm,h:O.MSm.

Let
_ . ; m

&; = 0.00005-i +0.00001(j —3) - (59)

+ — m
Sij = Sij +0.00005 E (60)
05:10-106.i+2-106.(j—3)% (61)

+ — 6 N
Gij = Gij +10-10 — (62)

m



Appropriate fuzzy numbers c;,¢ have the following a-level-cuts:

EHE [5-10‘5-i +(a-5—3)-10‘5,5-10‘5-i+(8—a-5)-10‘5] % (63)

EHE [10-106-i+(a-10—6)-10610-106-i+(16-a-1o)-1o6] ﬁz (64)
m
0=0.2,0.4,0.6,0.8,1.0 (65)

Using these data we can calculate:

_ N N
a-level-cuts E, [1011 F} E; {1011 F}
0.2 1.555 2.536
0.4 1.647 2.408
0.6 1.743 2.286
0.8 1.842 2.168
1.0 1.946 2.055
a-level-cuts 9o llO SmJ Jo [10 BmJ
0.2 -1.167 3.151
0.4 -0.005 2.788
0.6 0.003 2.401
0.8 0.057 1.988
1.0 1.076 1.547

Using formula (21) we can calculate:

P/ =sup{u(g):g<0}=04 and R =1-P{ =0.6 (66)




Conclusions

In this paper a new method of modelling of uncertain parameters was
presented. This method can be used instead of Monte-Carlo simulation
(based on uncertain data).

This method is based on relation between the theory of random sets
and the theory of fuzzy sets.

This method is based on the a-level-cuts of fuzzy numbers because of
this it can be used in the fuzzy finite element method and fuzzy
boundary element method.

If monotonicity tests can be applied successfully, then this method can
be used in modelling of nonlinear problems of computational
mechanics.

A new method for calculation of fuzzy material constant is presented.
This method is based on uncertain experimental data (intervals or
convex sets) and the last squares method. In calculation a-level-cuts
and monotonicity test were applied. The method can be extended on
the case of fuzzy experimental data.



